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SYNOPSIS 

In this work, a generalized mathematical model was developed to estimate the variation of 
particle concentration during the entire course of soapless emulsion polymerization of methyl 
methacrylate (MMA). All of the factors, such as oligomeric radical absorption or desorption 
by polymer particles, coagulation between polymer particles, and the termination effect on 
the formation mechanism of polymer particles, were considered and included in this model. 
When appropriate parameters were selected, this model could be successfully used to in- 
terpret the experimental behavior of particle concentration during the entire reaction. 
Under different conditions, the rate of polymerization, the number of radicals in each 
particle, the instantaneous average molecular weight of polymers, and the rate constant of 
termination were also calculated. All of them coincided with the experimental results quite 
well. 0 1996 John Wiley & Sons, Inc. 

I NTRODU CTl ON 

Soapless emulsion polymerization has received more 
attention in recent decades because it provides ad- 
vantages for the synthesis of monodisperse latex. In 
this type of system, polymer particles are stabilized 
by ionized initiators. Several particle nucleation 
mechanisms have been proposed for emulsifier free 
systems, which can be divided into two main cate- 
gories. 

1. Micellar-like nucleation: This was proposed 
by Van der Hoff,' Goodall et al.,' Cox et al.,3 
Chen and Piirma? and Vanderh~ff.~ As the 
oligomeric radicals in the aqueous phase 
reached critical length, several of them ag- 
gregated together to form a micellar-like pri- 
mary particle and began nucleation. 

2. Homogeneous nucleation: This was proposed 
by Priest: Fitch and T~ai ,~- '  and Hansen and 
Ugel~tad.~- '~  When above the critical chain, 
each growing oligomeric radical precipitated 
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from the aqueous phase and became a pri- 
mary particle. 

Both the nucleation mechanisms mentioned 
above could reasonably describe the phenomena of 
particle nucleation in different soapless emulsion 
polymerization systems. The former applied if a hy- 
drophobic monomer was used. The latter was more 
desirable if a hydrophilic monomer was chosen. Ac- 
cording to the GPC analysis, Fitch and Tsai found 
that the maximum degree of polymerization of 
PMMA oligomers in the aqueous phase was 66. This 
was accepted as the critical chain length of PMMA 
oligomers in particle nucleation. Yet Vanderhoff 
proved that the critical chain length of PS oligomers 
in the aqueous phase was about four. In homoge- 
neous nucleation, primary particles are unstable be- 
cause they do not have enough surface charge. These 
primary particles start to coagulate, and their sizes 
grow until they have enough charge density on their 
surfaces to stabilize themselves. Then, the particle 
concentration in the aqueous phase levels off until 
the end of the reaction. In this work, a generalized 
mathematical model was proposed for the homo- 
geneous nucleation of polymer particles to success- 
fully interpret the behavior of particle concentration 
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during the entire course of soapless emulsion poly- 
merization of MMA. 

THEORETICAL TREATMENT 

For the soapless emulsion polymerization of MMA 
with potassium persulfate (KPS) as initiator, the 
particle generation was certified to follow the mech- 
anism of homogeneous n~cleation.’-~ In the aqueous 
phase, the KPS initiator decomposed and propa- 
gated with the monomer to form oligomers. When 
the growing oligomers reached their critical chain 
length, they precipitated from the aqueous phase 
and formed primary particles; but these primary 
particles were unstable during the reaction. Coag- 
ulation between particles proceeded strenuously at  
the beginning of the reaction until the polymer par- 
ticles received enough surface charge. If the nucle- 
ation mechanism mentioned above was considered, 
the following kinetic equations could be derived. 

Oligomer Radicals in Aqueous Phase 

The rates of formation of oligomer radicals in the 
aqueous phase’ could be derived as follows. 

For initiator radical, 

dRi -- - pi - k p . M w . R i  - kt.Rtot.Ri 
d t  

and 

pi  = 2. k d * f * [ l ]  

For 1-mer radical, 

-- dR1 - k p . M w - ( R i  - R , )  
dt  

- kt * Rtot * R1 - ha1 * Ntot * R1 

For 2-mer radical, 

- k p * M , * ( R 1  - R2) dR2 -- 
dt  

- k t * R t o t . R ~ -  ka2”tot.R~ 

For j -mer radical, 

- dRJ = kp . Mw - ( RjPl - R j )  
d t  

- kt * Rtot * Rj - kaj * Ntot Rj 

where Ri was the concentration of the initiator rad- 
ical in the aqueous phase, Rj was the concentration 
of oligomer radical which contained j monomer 
units, kp was the propagation rate constant, kt was 
the termination rate constant, kaj was the absorption 
rate constant between j -unit oligomer radicals and 
polymer particles, M ,  was the monomer concentra- 
tion in the aqueous phase, and Ntot was defined as 

where N j  was the concentration of polymer particles 
which contained j radicals. Rtot was the total con- 
centration of all radicals in aqueous phase and was 
expressed as 

jcr 

Rto, = Ri -I- Rj (7 )  
j =  1 

In eqs. ( 3 )  - ( 5) ,  the influences of propagation, ter- 
mination, and absorption of oligomer radicals in the 
aqueous phase were all included. Summing up eqs. 
( 1 ) - ( 5) and assuming that the maximum value of 
j was j c r  (critical chain length), we could obtain 

To simplify eq. ( 8 ) ,  the average absorption rate 
constant % was defined as 

Substituting eq. (9) into eq. (8), and applying the 
pseudosteady-state approximation to Rtot, it could 
then be expressed as 

We found that pi > kp*Mw.Rjcr  and k t - p i  & & 
.Ntot, and the values of each term were listed in 
Table I. According to the above assumptions, eq. 
(10) could be further simplified as 
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In this article, eq. (11) was chosen to calculate the 
total concentration of radicals in the aqueous phase. 

Concentration of Polymer Particles 

The rate of formation of polymer particles could be 
determined as  follow^.'^^'^ 

+ &*(:) N3 + lZ, - RtOt * (No - N l )  (13) 

where u(t - to) represented a step function, i.e., 

u(t - to) = 1 

u(t - t o )  = 0 

t 2 to 

t < t o  

2-1 

dN, - - -. " 2 Nj-N2-j  - k f .N2- ;  Nj  
dt 2 j=l j =  1 

+ kD.[(:).N, - ( : ) - N 2 ]  + v p  ' NA [ ( i ) - N 4  

Summing up eqs. (12)-(15), we obtained 

r k  k k k- 1 k-1 1 
X 2 Nj. 2 Nj + No. 2 Nj-2  Nj. 2 Nj 

j = 1  j - 1  j-0 j = 1  j = 1  
(16) 1 L 

where kD was the desorption rate constant, Vp was 
the volume of one polymer particle, NA was the Avo- 
gadro's number, Nk was the concentration of poly- 
mer particles which contained k radicals, and kf  was 
the average coagulation rate constant between poly- 
mer particles. 

In the above equations, factors such as propa- 
gation and termination effects in the polymer par- 
ticles, absorption and desorption effects on polymer 
particle surface, and the coagulation effect between 
polymer particles were all considered. 

According to the Smoluchowski's coagulation 
eq~at ion , '~  k, could be written as23 

kf  = kfl-exp (;?it) - 

where V,, was the total potential energy.13 Assuming 
that there was a linear relationship between V,, and 
reaction time t ,  i.e., VtOt(t) = a - t + b, then kf  could 
be expressed as 

kf  = ko-exp( - ( u . t  + b) ) 
k - T  

Combined with k f  in eq. (18), as well as R,,, in eq. 
(11), the concentration of polymer particles, either 
Nk ( k  = 0, 1, 2 * - - )  or Ntot, could be calculated nu- 
merically by solving eqs. (12)-( 16) simultaneously. 

Rate of Polymerization 

The rate of polymerization in polymer particles 
could be expressed as 

d X  
Rp = [ M l o . d t  = kp .[Mlpi i .Np 

NA 
(19) 
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Table I 
Experimental Conditions 

The Values of the Terms pi ,  k, . M, - Rie,, k, - p i ,  and - Nt, at Different 

Experimental - 
Condition Pi k p  . Mw R j c r  kt * Pi k, Nm 

A 2.28 X lo-@ 1.49 X lo-@ 0.55 0.094 
B 1.66 x 10-7 1.83 X lo-* 0.61 0.094 
C 5.69 X lo-@ 1.49 X lo-@ 1.38 0.094 

where [wo was the total initial amount of monomer 
charged per unit of aqueous phase, X was the con- 
version, [w, represented the monomer concentra- 
tion in polymer particles, N, was the number of 
polymer particles in the water phase (i.e., N, = 
NA - NtOt), and ii expressed the average number of 
radicals per polymer particle. In eq. (19), R, was 
obtained from the conversion-time curve. Further- 
more, if the values of k,, N,, and [MI, were known, 
the variation of ii with reaction time could be de- 
termined. 

Average Molecular Weight of Polymers 

The relationship between the instantaneous number 
average molecular weight of polymer and the accu- 
mulated number average molecular weight of poly- 
mer was described as 

- A 

Tx dX M n  = 

If the chain transfer reactions were neglected, the 
instantaneous number average molecular weight 
zinst could be calculated approximately by 

Combining eqs. (20) and (21) with experimental re- 
sults of %, the termination rate constant k, varied 
with reaction time (or conversion) could be esti- 
mated. 

RESULTS AND DISCUSSION 

All the experimental conditions in the following dis- 
cussion were listed in Table 11. 

Monomer Concentration in Polymer Particle [ MIP 

According to Figure 1, factors such as initiator con- 
centration, agitation speed, and reaction tempera- 
ture had no significant influence on the magnitudes 
of monomer concentration in polymer particles. The 
initial value of [MI ,  was kept at 6.0 (mol/L). As 
the conversion increased over 0.25, [ M I ,  started to 
decrease almost in a linear relation with the con- 
version increase. The following two equations were 
proposed for the calculation of [ M I ,  over the entire 
course of polymerization. 

I. X < 0.25, 

11. X 2 0.25, 

[MI ,  = 6.0 (mol/L) 

[MI ,  = 6.0( 1 - X ) /  

( 1  - 0.25) (mol/L) (22) 

Table I1 Experimental Conditions 

Initial Monomer 
Temperature Initiator Concentration Concentration Agitation Speed 

Symbol (K) (mol/L-H20) ( mol/L-H20) (wm) 

A 
B 
C 
D 

343 
333 
333 
333 

4.0 x 10-3 
4.0 x 10-3 
1.0 x 10-2 
4.0 x 10-3 

300 
300 
300 
500 
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Conversion(X) 

Figure 1 
versus conversion. 

Monomer concentration in polymer particles 

Rate of Polymerization ( Rp) 

With eq. (19), the rate of polymerization could be 
calculated from the experimental curve of conver- 
sion versus time (Fig. 2 ) .  The result was shown in 
Figure 3. The dome shape of the curve was a result 
of the autoacceleration effect. The result showed 
that higher initiator concentrations accelerated the 
rate of polymerization (R,) . In addition, the rate of 
polymerization increased significantly with the 
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Figure 2 
different experimental conditions. 

Monomer conversion versus reaction time at  

O.O0'* I 
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Figure 3 Rate of polymerization versus time. 

temperature increase. But the value of R, was 
smaller if a higher agitation speed was chosen. 

Concentration of Polymer Particle (N,,) 

The value of number average diameter (D ) of poly- 
mer particles was obtained by measurement using 
a transmission electron microscope (TEM) . Then 
we calculated the concentration of polymer particles 
(N , )  .14 The result was shown in Figure 4. 
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Figure 4 
different experimental conditions. 

Particle concentration versus conversion a t  
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Figure 5 
ticle versus conversion. 

Average number of radicals per polymer par- 

Average Number of Radicals Per Polymer Particle 
(3 
Once the calculation of Rp and Np was completed, 
as seen in Figure 3 and Figure 4, together with eq. 
(22) proposed for [ M,] , ii could then be calculated 
by eq. (19). The result was described in Figure 5. 
When the conversion was low (less than 15% ), ii 
was about 0.5, which was in agreement with Smith- 
Ewart's theory." However, as the conversion got 
higher, the gel effect gradually became more serious 
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Figure 6 Accumulated number average molecular 
weight of polymer versus conversion. 
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Figure 7 Instantaneous number average molecular 
weight of polymer versus conversion. 

and lessened the probability of polymer free radicals 
toward termination. Therefore, ii increased quickly 
as the conversion was greater. This result also co- 
incided with ESRs study.15-17 Figure 5 also revealed 
that the higher the initiator concentration, the larger 
the final value of ii. The influence of temperatures 
was that higher temperature lessened the gel effect 
in polymer particles, so the final value of ri was lower. 
As far as the agitation effect was concerned, a higher 
agitation speed decreased the value of ri. The reason 
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Figure 8 
conversion. 

Volume of a swollen polymer particle versus 
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Figure 9 Termination rate constant versus conversion. 

might be that the higher agitation speed increased 
the number of polymer particles, so ii was lower. 

Number Average Molecular Weight of Polymers 

The accumulated number average molecular weight 
of polymers (z) was determined by gel permeation 
chromatography (GPC)-analysis (Fig. 6).By substi- 
tuting the GPC result into eq. (21), the instanta- 
neous number average molecular weight (%inst) 

could be calculated by numerical integration. The 
result was shown in Figure 7. During the reaction, 
Mqnst increased, first, with the increase of conver- 
sion because the polymerization was dominated by 
propagation. As the conversion became high, the 
viscosity in polymer particles increased rapidly and 

- 

Table I11 Parameters Used in the Simulation 

0 

I 

0 20 40 60 80 
Time(min) 

k 
Figure 10 versus time. 

v p  ' N A  

limited the mobility of longer polymer chains, so the 
chance for the growth of short chains increased. This 
was the reason why the value of decreased 
rapidly in the end. If the reaction temperature, ini- 
tiator concentration, or agitation speed increased, 
it lessened the initial value of Kin,,. 

Volume of a Swollen Polymer Particle (V,,) 

The definition of [MI, was as follows: 

333 343 Reference 

k d  (l/s) 
f 
k, (L/mol-s) 
k, (L/mol-s) 

(l/s) 
R,,, (mol/L-H20) 
- Rbt (mol/L-H,O) 
k, (L/mol-s) 
kfo (L/mol-s) 
to ( 5 )  

3.16 X 

543 

1.08 X 

3.05 X lo-' 
2.83 X lo6 
1.45 X 10" 

20 

0.9 

2.43 x 1 0 7  

2.74 x 10-9 

9.23 X 

668 

1.08 X 

4.97 x 10-8 
2.83 X lo6 
1.81 X 10" 

20 

0.9 

2.69 x 1 0 7  

2.74 x 10-9 

22 
22 
20 
20 
20 
18 
23 
23 
23 
23 
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Figure 11 Concentration of polymer particles versus 
time for experimental condition A: theoretical calculation 
(- - -) and experimental result (El). 

where Vpo,ymer was the volume of polymer in a poly- 
mer particle, VmOnOmer was that of the monomer, pm 
expressed the monomer density, and Mo represented 
the molecular weight of monomer. Equation (23) 
could be rearranged as 

1 

(24) 

u Thw. Curve 

0 10 20 30 40 50 
Time(min) 

Figure 12 Concentration of polymer particles versus 
time for experimental condition B: theoretical calculation 
(- - -) and experimental result (0). 

Exp. Data 

0 10 20 30 40 50 
Time(min) 

Figure 13 Concentration of polymer particles versus 
time for experimental condition C: theoretical calculation 
(- - -) and experimental result (0). 

Using TEM measurement, the number average 
diameter of dry polymer particles (D) was obtained. 
It was the diameter of one particle which contained 
no monomer. Substituting eq. (24) into (23), Vp was 
expressed as 

Vp = Vpolyrner + Vmonomer 
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8 300.000 F 
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- 
E" 
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200,000 

100.000 
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\ 

I !  \ 
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r: ', 
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Time(min) 

Figure 14 
ferent experimental conditions. 

Coagulation rate constant versus time at dif- 
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Table IV 
in Eq. (18) 

Optimal Values of Parameters a and b 

Symbol a b 

A 1.84 X 4.99 x 10-13 
B 5.98 x 10-l~ 4.96 x 10-13 
C 4.69 x 10-17 5.04 x 10-13 

According to the definition described above, Vpolymer 
was expressed as 

- 3  4 
3 

- Vpolrmer - - - n- * (;) 
Under different experimental conditions, the vari- 
ation of Vp during the reaction could be calculated 
using eqs. (25) and (26). This was shown in Figure 
8. V, increased rapidly in the range of conversion 
below 0.25, then gradually leveled off as the con- 
version exceeded 0.25. The reason might be that the 
monomer droplets disappeared when the conversion 
was above 0.25, so there was no more abundant 
monomer available to maintain the growth of poly- 
mer particles. According to Figure 8, higher reaction 
temperatures or agitation speeds lessened the growth 
rate of V, and resulted in a smaller value of Vp at  
final. 

Termination Rate Constant (k,) 

Combining with the values of Rp, ri, V,, and 
MninSt, as shown in Figures 1-8, the termination rate 
constant (k,)  could be calculated from eq. (21). The 
result was described in Figure 9. The initial value 
of k, (i.e., kt0) was about 2 X lo7 (L/mol-sec). This 
coincided with the value reported in other refer- 
ences.*l When the conversion became higher, the 
value of k, decreased rapidly because of the gel effect. 
If a higher temperature was chosen, it decreased the 
viscosity in polymer particles, which lessened the 
gel effect, so the value of k, dropped slower. As the 
initiator concentration increased, the polymer chain 
became shorter in length. This resulted in a reduc- 
tion in gel effect too. For the same reason, a higher 
agitation speed decreased the molecular weight of 
polymers, so the gel effect became less significant, 
and 12, decreased slower by increasing the conversion. 

- 

Simulation of Concentration of Polymer Particles 

The parameters used in the simulation of concen- 
tration of polymer particles were all listed in Table 

111. According to the mechanism of homogeneous 
nucleation mentioned in the theoretical part of this 
article, the concentration of polymer particles could 
be simulated if eqs. (12)-(15) were solved by nu- 
merical calculation simultaneously. The variation 

with reaction time under differ- of the term ~ 

ent experimental conditions was shown in Figure 
10. If the fourth-order polynomial was chosen to fit 
these curves, they could be expressed as followed, 
respectively. For experimental condition A, 

kt 
vp N A  

lzt 
( t )  = 1.56 X 1OP5t4 - 2.21 X vp * N A  

+ 1.28 X 1O-'t? - 3.84t + 51.07 (27) 

For experimental condition B, 

( t )  = 5.17 x 10-6t4 - 1.09 x 10-3t3 k, 
vp ' N A  

+ 8.54 X lO-'P - 3.14t + 49.06 (28) 

For experimental condition C, 

( t )  = 1.10 x 10-5t4 - 2.18 x 10-39 k, 
vp * N A  

+ 1.53 X lo-'$ - 4.59t + 54.35 (29) 

All the polynomial equations [eqs. (27)-(29)] were 
substituted into the theoretical calculation. In eq. 
(181, parameters a and b were adjustable variables. 
Other parameters needed in calculation were given 
in Table 11. If the Runge-Kutta fourth-order method 
was selected, the concentration profile of polymer 
particles a t  different conditions could be simulated. 
They were all depicted in Figures 11-13. They re- 
vealed that the theoretically simulated values con- 
formed with the experimental data very well. The 
variation of the rate constant of coagulation kf versus 
reaction time was depicted in Figure 14. The optimal 
values of a and b at different experimental conditions 
were listed in Table IV. According to the results of 
simulation, the coagulation effect was serious at the 
beginning of the reaction, then diminished gradually. 
This coincided with the conclusion of Fitch and 
T ~ a i . ~  From Figure 14, we found different coagula- 
tion effects at different reaction temperatures, but 
the change of initiator concentration didn't signif- 
icantly affect the coagulation rate constant. 
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CONCLUSION 

In this article, a homogeneous nucleation model was 
used to simulate the concentration of polymer par- 
ticles under different experimental conditions for 
soapless emulsion polymerization of MMA. The 
simulation conformed well with empirical data. 
From the calculation, we could also simulate the co- 
agulation rate constant k,. If a higher reaction tem- 
perature was chosen, the curve of k, versus time de- 
clined more rapidly, but changes in initiator con- 
centration had no apparent effect on the coagulation 
behavior. The average number of radicals per poly- 
mer particle ii was about 0.5 when the conversion 
was below 15%; it increased rapidly as the gel effect 
became more serious. An increase in reaction tem- 
perature, initiation concentration, or agitation speed 
could lessen the gel effect to some extent, which re- 
flected in the variation of termination rate constant 
k, during the reaction. 

The researchers greatly appreciate the financial support 
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